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GEOMETRIC SCHUR DUALITY OF TWO PARAMETER QUANTUM
GROUP OF TYPE A
HAITAO MA, ZONGZHU LIN, AND ZHU-JUN ZHENG
Abstract. In this paper, we give an geometric description of the Schur-Weyl duality for
two-parameter quantum algebras Uv,t(gln), where Uv,t(gln) is the deformation of Uv(I, ·),
the classic Shur-Weyl duality (Ur,s(gln), V
⊗d, Hd(r, s)) can be seen as a corollary of the
Shur-Weyl duality (Uv,t(gln), V
⊗d, Hd(v, t)) by using the galois descend approach. we also
establish the Shur-Weyl duality between the algebras ˜Uv,t(glN)m, ̂Uv,t(glN)m and Heck
algebra Hk(v, t).
1. Introduction
Schur-Weyl duality is a classical method to construct irreducible modules of simple Lie
groups out of the fundamental representations [W46], The quantum version for the quantum
enveloping algebra Uq(sln) and the Hecke algebra Hq(Sm) has been one of the pioneering
examples [13] in the fervent development of quantum groups. Two-parameter general linear
and special linear quantum groups [21, 8, 4] are certain generalization of the one-parameter
Drinfeld-Jimbo quantum groups [7, 12]. The two-parameter quantum groups also had their
origin in the quantum inverse scattering method [20] as well as other approaches [14, 6].
So far, lots of mathematicians had studied the quantum groups and two parameter quan-
tum group. For example, geometric Shur-Jimbo duality of type A was studied by Beilinson,
Lusztig and Mcpherson [BLM90]. And the Shur-like duality of type B/C and D were dis-
covered by Bao-Wang [BKLW14]and Fan-Li[FL14].
Especially, Fan and Li had found another version of two parameter quantum group by
the way of perverse sheaves [FL13]. But the question how the two parameter quantum
group Uv,t(gln) can be seen as the deformation of Uv(gln) didn’t solve in their work. So it is
necessary for us to give the new graded structure on Uv(gln) such that Uv,t(gln) can be seen
as the deformation of Uv(gln).
Fan and Li found two new quantum group U and Um, and gave the Shur-Weyl duality
between them and the Iwahori-hecke algebra of type Dd[FL14]. In our following paper,
similar to the Fan and Li’s work, we will give two new two parameter quantum groupUv,t and
Umv,t. We can also give the Shur-Weyl duality between them and the two parameter Iwahori-
hecke algebra of type Dd through the geometric way. In order to give the comutiplication of
the two new two parameter quantum group Uv,t, U
m
v,t and use the comutiplication structure
to give the Shur-Weyl duality algebraically. That is,
∆ : U→ ˜Uv,t(glN)m ⊗U,
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∆ : Um → ̂Uv,t(glN)m ⊗Um.
So it is reasonable for us to give structure of the new quantum group ˜Uv,t(glN)m, ̂Uv,t(glN)m
and the Shur-Weyl duality between them and Hv,t(d).
In this work, at first, we give a new version of two parameter quantum group Uv,t(gln),
which is the deformation of Uv(gln) similar to the approach appear in [FL13]. Second, we
would like to give the geometric realization of three quantum groups Uv,t(gln), ˜Uv,t(glN)m,
̂Uv,t(glN)m. At the same time, we also give the Shur-Weyl duality between algebras Uv,t(gln),
˜Uv,t(glN)m, ̂Uv,t(glN)m and the Hecke algebra Hv,t(d). Since the classical two parameter
quantum group Ur,s(gln) is the subalgebra of the new version Uv,t(gln). we would like to
use the Galois descend approach to understand the two different versions of two parameter
quantum groups. The classical Shur-Weyl duality (Ur,s(gln), V
⊗d, Hd(r, s)) can be seen as
a corollary of the Shur-Weyl duality (Uv,t(gln), V
⊗d, Hd(v, t)) by using the galois descend
theory. That is, there exist a Galois group G such that (Uv,t(gln)
G, (V ⊗d)G, Hd(v, t)
G) is also
Shur-Weyl duality, and Uv,t(gln)
G ∼= (Ur,s(gln), Hd(v, t)G ∼= Hd(r, s).
2. Deformation
2.1. The algebra Uv,t(gln). let Ω =

1 0 0 . . . 0 0
−1 1 0 . . . 0 0
0 −1 1 . . . 0 0
...
...
...
...
...
...
0 0 0 . . . 1 0
0 0 0 . . . −1 1

n×n
is associated to the
cartan matrix of type An. Let I = {1, 2, · · · , n} . To Ω, we associate the following three
bilinear forms on ZI .
〈i, j〉 = Ωij , ∀i, j ∈ I.(1) [
i, j
]
= 2δijΩii − Ωij , ∀i, j ∈ I.(2)
i · j = 〈i, j〉+ 〈j, i〉, ∀i, j ∈ I.(3)
Definition 2.1.1. The two-parameter quantum algebra Uv,t(gln) associated to An−1 is an
associative Q(v, t)-algebra with 1 generated by symbols Ei, Fi, ∀i ∈ I A±1j , B±1j , ∀i ∈ I ′ =
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I ∪ {n} and subject to the following relations.
(R1) A±1i A
±1
j = A
±1
j A
±1
i , B
±1
i B
±1
j = B
±1
j B
±1
i ,
A±1i B
±1
j = B
±1
j A
±1
i , A
±1
i A
∓1
i = 1 = B
±1
i B
∓1
i .
(R2) AiEjA
−1
i = v
〈i,j〉t〈i,j〉Ej , BiEjB
−1
i = v
−〈i,j〉t〈i,j〉Ej ,
AiFjA
−1
i = v
−〈i,j〉t−〈j,i〉Fj , BiFjB
−1
i = v
〈i,j〉t−〈j,i〉Fj .
(R3) EiFj − FjEi = δijAiBi+1 − BiAi+1
v − v−1 .
(R4)
∑
p+p′=1−2 i·j
i·i
(−1)pt−p(p′−2 〈i,j〉i·i +2 〈j,i〉i·i )E(p′)i EjE(p)i = 0, if i 6= j,
∑
p+p′=1−2 i·j
i·i
(−1)pt−p(p′−2 〈i,j〉i·i +2 〈j,i〉i·i )F (p)i FjF (p
′)
i = 0, if i 6= j,
where E
(p)
i =
Epi
[p]!vi,ti
. 〈j, n〉 = 0, 〈n, j〉 =
{ −1 if j = n− 1;
0 else .
, j ∈ I.
The algebra Uv,t(gln) has a Hopf algebra structure with the comultiplication ∆, the counit
ε and the antipode S given as follows.
∆(A±1i ) = A
±1
i ⊗A±1i , ∆(B±1i ) = B±1i ⊗B±1i ,
∆(Ei) = Ei ⊗AiBi+1 + 1⊗ Ei, ∆(Fi) = Fi ⊗ 1 +BiAi+1 ⊗ Fi,
ε(A±1i ) = ε(B
′±1
i ) = 1, ε(Ei) = ε(Fi) = 0, S(A
±1
i ) = A
∓1
i ,
S(B±1i ) = B
∓1
i , S(Ei) = −EiBiAi+1, S(Fi) = −AiBi+1Fi.
The algebra Uv,t(gln) admits a ZI
′ × ZI′-grading by defining the degrees of generators as
follows.
deg(Ei) = (i, 0), deg(Fi) = (0, i),
deg(Aj) = deg(Bj) =

(
n∑
k=j
(−1)kk,
n∑
k=j
(−1)kk) if j is even,
(
n∑
k=j
(−1)k+1k,∑nk=j(−1)k+1k) if j is odd.
We can define a bilinear form on ZI
′ × ZI′ by
[γ, η]′ = [γ2, η2]− [γ1, η1]
for any γ = (γ1, γ2), η = (η1, η2) ∈ ZI′ × ZI′ . Then on Uv,t(gln), we can define a new
multiplication ′′ ∗ ” by
(4) x ∗ y = t−[|x|, |y|]′xy,
for any homogenous elements x, y ∈ Uv,t(gln). Since [, ]′ is a bilinear form, (Uv,t(gln), ∗)
is an associative algebra over Q(v, t). We define a multiplication, denoted by “ ∗ ”, on
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Uv,t(gln)⊗ Uv,t(gln) by
(5) (x⊗ y) ∗ (x′ ⊗ y′) = x ∗ x′ ⊗ y ∗ y′.
This gives a new algebra structure on Uv,t(gln)⊗ Uv,t(gln). (Uv,t(gln), ∗) has a Hopf algebra
structure with the comultiplication ∆∗, the counit ε∗ and the antipode S∗. The image of
generators Ei, Fi, Ai and B
−1
i under the map ∆
∗ (resp. ε∗ and S∗) are the same as the ones
under the map ∆ (resp. ε and S) defined above.
Lemma 2.1.2. Under the new multiplication “ ∗ ”, the defining relations of Uv,t(gln) can be
rewritten as follows.
(R∗1) A±1i ∗ A±1j = A±1j ∗ A±1i , B±1i ∗B±1j = B±1j ∗B±1i ,
A±1i ∗B±1j = B±1j ∗ A±1i , A±1i ∗ A∓1i = 1 = B±1i ∗B∓1i .
(R∗2) Ai ∗Ej ∗ A−1i = v〈i,j〉Ej, Bi ∗ Ej ∗B−1i = v−〈i,j〉Ej ,
Ai ∗ Fj ∗ A−1i = v−〈i,j〉Fj, Bi ∗ Fj ∗B−1i = v〈i,j〉Fj .
(R∗3) Ei ∗ Fj − Fj ∗ Ei = δijAi ∗Bi+1 − Bi ∗ Ai+1
v − v−1 , ∀i, j ∈ I.
(R∗4)
∑
p+p′=1−aij
(−1)p
[
1− aij
p
]
v
E∗pi ∗ Ej ∗ E∗p
′
i = 0, if i 6= j,
∑
p+p′=1−aij
(−1)p
[
1− aij
p
]
v
F ∗pi ∗ Fj ∗ F ∗p
′
i = 0 if i 6= j,
where aij = 2
i·j
i·i
and E∗pi = Ei ∗Ei ∗ · · · ∗Ei for p copies. We notice that these relations are
the specialization of (R1)-(R4) at t = 1.
Proof. The relation R3, R4 agrees with the one in [FL13, 4. 2], whose proof is also the same
as the one for type-A case. Next we show R∗2.
Ai ∗ Ej = t−[|Ai|, |Ej |]′AiEj = t−[|Ai|, |Ej|]′v〈i,j〉t〈i,j〉EjAi = t[|Ej |,‖Ai|]′−[|Ai|, |Ej |]′v〈i,j〉t〈i,j〉Ej ∗ Ai
and
[|Ej |, ‖Ai|]′−[|Ai|, |Ej |]′ = (〈j, i〉−〈i, j〉)−(〈j, i+1〉−〈i+1, j〉)+· · ·+(−1)n−i(〈j, n〉−〈n, j〉).
[|Ej |, ‖Ai|]′−[|Ai|, |Ej|] =

= 〈i+ 1, j〉 = 1 = −〈i, j〉 if i = j,
= (〈j, i〉 − 〈i, j〉)− (〈j, i+ 1〉 − 〈i+ 1, j〉) = 1 = −〈i, j〉 if i = j + 1,
= 0 = −〈i, j〉 if i− j > 1,
= 〈j, i〉 − 〈i+ 1, j〉 = 0 = −〈i, j〉 if j = i+ 1,
= −〈j − 1, j〉+ 〈j, j − 1〉 = 0 = −〈i, j〉 if j − i > 1.
Therefore,
Ai ∗ Ej = v〈i,j〉Ej ∗ Ai.
All other identity in R2 can be shown similarly. 
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The one-parameter quantum algebra Uv(I, ·) associated to (I, ·) is defined as the associative
Q(v)-algebra with 1 generated by symbols Ei, Fi, A
±1
i , B
±1
i , ∀i ∈ I and subject to relations
(R*1)-(R*4). Uv(I, ·) has a Hopf algebra structure with the comultiplication ∆1, the counit
ε1 and the antipode S1. The image of generators Ei, Fi, Aa, Ba under the map ∆1 (resp. ε1
and S1) are the same as the ones under the map ∆ (resp. ε and S) defined above.
Let Uv,t(I, ·) := Uv(I, ·) ⊗Q(v) Q(v, t). The Hopf algebra structure on Uv(I, ·) can be
naturally extended to Uv,t(I, ·). From the above analysis, we have the following theorem.
Theorem 2.1.3. If (I, ·) is the Cartan datum associated to Ωn, then there is a Hopf-algebra
isomorphism
(Uv,t(gln), ∗,∆∗, ε∗, S∗) ≃ (Uv,t(I, ·), ·,∆1, ε1, S1),
sending the generators in Uv,t to the respective generators in Uv,t(I, ·).
3. A geometric setting
3.1. Preliminary. Let Fq be a finite field of q elements and of odd characteristic. d is a
fixed positive integer,
n is a positive integer , We fix a vector space Fdq . Consider the following sets.
• The set X of n-step flags V = (Vi)0≤i≤n in Fdq such that V0 = 0, Vi ⊆ Vi+1.
• The set Y of complete flags F = (Fi)0≤i≤d in Fdq such that Fi ⊂ Fi+1, |Fi| = i .
where we write |Fi| for the dimension of Fi.
Let G = GL(V ) . Then G acts naturally on sets X and Y . Moreoever, G acts transitively
on Y . Let G act diagonally on the product X ×X (resp. X × Y and Y × Y ). Set
(6) A = Z[v±1, t±1].
Let
SX = AG(X ×X )(7)
be the set of all A-valued G-invariant functions on X × X . Clearly, the set SX is a free
A-module. Moreover, SX admits an associative A-algebra structure ‘∗’ under a standard
convolution product as discussed in [BKLW14, 2. 3]. In particular, when v is specialized to√
q, we have
(8) f ∗ g(V, V ′) =
∑
V ′′∈X
f(V, V ′′)g(V ′′, V ′), ∀ V, V ′ ∈ X .
Similarly, we define the free A-modules
(9) V = AG(X × Y ) and HY = AG(Y × Y ).
A similar convolution product gives an associative algebra structure on HY and a left SX -
action and a right HY -action on V. Moreover, these two actions commute and hence we
have the following A-algebra homomorphisms.
SX → EndHY (V) and HY → EndSX (V).
Similar to [P09, Theorem 2. 1], we have the following double centralizer property.
Lemma 3.1.1. EndHY (V) ≃ SX and EndSX (V) ≃ HY , if n ≥ d.
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We note that the result in [P09, Theorem 2. 1] is obtained over the field C of complex
numbers, but the proof can be adapted to our setting over the ring A.
We shall give a description of the G-orbits on X ×X , X ×Y and Y ×Y . We start by
introducing the following notations associated to a matrix M = (mij)1≤i,j≤c.
ro(M) =
(
c∑
j=1
mij
)
1≤i≤c
,
co(M) =
(
c∑
i=1
mij
)
1≤j≤c
.
(10)
We also write ro(M)i and co(M)j for the i-th and j-th component of the row vectors of
ro(M) and co(M), respectively.
For any pair (V, V ′) of flags in X , we can assign an n by n matrix whose (i, j)-entry equal
to dim
Vi−1+Vi∩V ′j
Vi−1+Vi∩V ′j−1
.
G\X ×X ≃ Θd,(11)
where Θd is the set of all matrices Θd in Matn×n(N) such that
∑
i,j(Θd)i,j = d
A similar assignment yields two bijection
G\X × Y ≃ Π,(12)
G\Y × Y ≃ Σ,(13)
where the set Π consists of all matrices B = (bij) in Matn×d(N) subject to
co(B)j = 1, ∀ j ∈ [1, d].
and Σ is the set of all matrices σ ≡ (σij) in Matd×d(N) such that
ro(σ)i = 1, ro(σ)j = 1.
Moreover, we have
#Σ = d! and #Π = nd.(14)
4. Calculus of the algebra S and HY
Recall from the previous section that SX is the convolution algebra on X ×X defined
in (7). For simplicity, we shall denote S instead of SX . In this section, we determine the
generators for S and the associated multiplication formula. We also will HY action on V.
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4.1. Defining relations of S. For any i ∈ [1, n− 1], a ∈ [1, n], set
Ei(V, V
′) =
{
v−|V
′
i /V
′
i−1|t−|Vi/Vi−1|, if Vi
1⊃ V ′i , Vj = Vj′, ∀j ∈ [1, n]\{i};
0, otherwise.
Fi(V, V
′) =
{
v−|V
′
i+1/V
′
i |t|V
′
i+1/V
′
i |, if Vi
1⊂ V ′i , Vj = Vj′, ∀j ∈ [1, n]\{i};
0, otherwise.
A±1a (V, V
′) =
{
v±|V
′
a/V
′
a−1|t±|V
′
a/V
′
a−1|, if V = V ′;
0, otherwise.
B±1a (V, V
′) =
{
v∓|V
′
a/V
′
a−1|t±|V
′
a/V
′
a−1|, if V = V ′;
0, otherwise.
(15)
It is clear that these functions are elements in S.
Proposition 4.1.1. The functions Ei, Fi, A
±1
a and B
±1
a in S, for any i ∈ [1, n−1], a ∈ [1, n],
satisfy the following relations.
(R1) A±1i A
±1
j = A
±1
j A
±1
i , B
±1
i B
±1
j = B
±1
j B
±1
i ,
A±1i B
±1
j = B
±1
j A
±1
i , A
±1
i A
∓1
i = 1 = B
±1
i B
∓1
i .
(R2) AiEjA
−1
i = v
〈i,j〉t〈i,j〉Ej , BiEjB
−1
i = v
−〈i,j〉t〈i,j〉Ej ,
AiFjA
−1
i = v
−〈i,j〉t−〈j,i〉Fj , BiFjB
−1
i = v
〈i,j〉t−〈j,i〉Fj.
(R3) EiFj − FjEi = δijAiBi+1 − BiAi+1
v − v−1 .
(R4)
∑
p+p′=1−2 i·j
i·i
(−1)pt−p(p′−2 〈i,j〉i·i +2 〈j,i〉i·i )E(p′)i EjE(p)i = 0, if i 6= j,
∑
p+p′=1−2 i·j
i·i
(−1)pt−p(p′−2 〈i,j〉i·i +2 〈j,i〉i·i )F (p)i FjF (p
′)
i = 0, if i 6= j,
(R5)
n∏
i=1
Ai = v
dtd,
n∏
i=1
Bi = v
−dtd;
(R6)
d∏
l=0
(Aj − vltl) = 0,
d∏
l=0
(Bj − v−ltl) = 0∀j ∈ [1, n].
(R7) Ei
d+1 = 0, Fi
d+1 = 0.
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Proof. The proofs of the identities of R1, R7 are straightforward. Let λ′i = |V ′i /V ′i−1|. We
show the first identity in R2. we have
(AiEj)(V, V
′) =

vλ
′
i−λ
′
j−1tλ
′
i+λ
′
j if Vj
1⊃ V ′j and i = j + 1,
vλ
′
i−λ
′
j+1tλ
′
i+λ
′
j+2 if Vj
1⊃ V ′j and i = j,
vλ
′
i−λ
′
jtλ
′
i+λ
′
j+1 if Vj
1⊃ V ′j and i 6= j, j + 1,
0 otherwise.
(AiEj)(V, V
′) =
{
vλ
′
i−λ
′
j tλ
′
i+λ
′
j+1 if Vj
1⊃ V ′j ,
0 otherwise.
That is, AiEjA
−1
i (V, V
′) = v〈i,j〉t〈i,j〉Ej(V, V
′). All other identities can be shown similarly.
we show the identity in R3. By a direct calculation. We have
(EiFj − FjEi)(V, V ′) =
{
v
λ′i−λ
′
i+1 t
λ′i+λ
′
i+1−v
λ′i+1−λ
′
i t
λ′i+λ
′
i+1
v−v−1
if V = V ′andi = j,
0 otherwise.
It is easy to check that the right hand side is equal to δij
AiBi+1−BiAi+1
v−v−1
(V, V ′).
At last, We now show the first identity in R4. By a direct calculation, we have
E2iEi+1(V, V
′) =
{
(v2 + 1)v−2λ
′
i−λ
′
i+1−1t2λ
′
i+λ
′
i+1+4, if Vi
2⊃ V ′i and Vi+1
1⊃ V ′i+1,
0, otherwise.
EiEi+1Ei(V, V
′) =
{
(v2 + 1)v−2λ
′
i−λ
′
i+1t2λ
′
i+λ
′
i+1+3, if Vi
2⊃ V ′i and Vi+1
1⊃ V ′i+1,
0, otherwise.
Ei+1E
2
i (V, V
′) =
{
(v2 + 1)v−2λ
′
i−λ
′
i+1+1t2λ
′
i+λ
′
i+1+2, if Vi
2⊃ V ′i and Vi+1
1⊃ V ′i+1,
0, otherwise.
The first identity in R4 follows. By the same way, the other three identities can be shown
directly.
Let’s prove the first identity in R5, we have
n∏
i=1
Ai(V, V
′) =
{
vλ
′
1+···+λ
′
ntλ
′
1+···+λ
′
n , if V = V ′,
0, otherwise.
Since λ′1 + · · · + λ′n = d, the first identities follows. The other identities can be shown
similarly.
At last, let’s prove the first identity in R6, we have
d∏
l=0
(Aj − vltl)(V, V ′) =
{
(vλ
′
jtλ
′
j − 1)(vλ′j tλ′j − vt) . . . (vλ′jtλ′j − vdtd), if V = V ′,
0, otherwise.
Since 0 ≤ λ′j ≤ d, the first identities follows. the other identities can be shown similarly. 
GEOMETRIC SCHUR DUALITY OF TWO PARAMETER QUANTUM GROUP OF TYPE A 9
4.2. Multiplication formulas in S. For any n ∈ Z, k ∈ N, set
(n)v =
v2n − 1
v2 − 1 , and
(
n
k
)
v
=
k∏
i=1
(n+ 1− i)v
(i)v
.
Let Eij is the n × n matrix whose (i, j)-entry is 1 and all other entries are 0. Let ea be
the characteristic function of the G-orbit corresponding to a ∈ θd. It is clear that the set
{ea|a ∈ θd} forms a basis of S.
We assume that the ground field is an algebraic closure Fq of Fq when we talk about the
dimension of a G-orbit or its stabilizer. Set
d(a) = dim Oa and r(a) = dim Ob, ∀a ∈ θd or Π,
where b = (bij) is the diagonal matrix such that bii =
∑
k aik. Denote by CG(V, V
′) the
stabilizer of (V, V ′) in G.
Lemma 4.2.1. If a ∈ Π , We have
dim CG(V, V
′) =
∑
i≥k,j≥l
aijakl, if (V, V
′) ∈ Oa,
dim Oa =
∑
i<k or j<l
aijakl,
d(a)− r(a) =
∑
i≥k,j<l
aijakl.
Proof. The proof is similar with [BLM90], The only difference we consider is that a ∈ Π
should be the n × d matrix. We can find the subspace Zij of V such thatVa = ⊕i≤a;jZij
for all a, V ′b = ⊕j≤b;iZij for all b. V = ⊕ijZij . Consider T ∈ End(V ), T is determined
by a family of linear maps Tijkl : Zij → Zkl. If T |Va = Va, T |V ′b = V ′b , one can obtain
that if Tijkl 6= 0, then i ≥ k, j ≥ l. So we have dimCG(V, V ′) =
∑
i≥k,j≥l
aijakl, dimOa =
dimGL(V )−dimCG(V, V ′) =
∑
i<k or j<l
aijakl. Since r(a) = dim(V, V ), we have d(a)−r(a) =∑
i<k or j<l
aijakl −
∑
i<k
aijakl =
∑
i≥k,j<l aijakl. 
For any a ∈ θd,Π, let
{a} = v−(d(a)−r(a))t(d(a)−r(a))ea.
We define a bar involution ‘−’ on A by v¯ = v−1.
Proposition 4.2.2. Suppose that a, b, c ∈ Θd, h ∈ [1, n− 1] and r ∈ N.
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(a) If co(b) = ro(a), and b− rEh,h+1 is diagonal, then we have
{b} ∗ {a} =
∑
t:
∑n
u=1 tu=r
vβ(t)tα(t)
n∏
u=1
(
ahu + tu
tu
)
v
{at}, where(16)
α(t) =
∑
j≥l
ahjtl +
∑
j>l
ah+1,jtl −
∑
j<l
tjtl
β(t) =
∑
j≥l
ahjtl −
∑
j>l
ah+1,jtl +
∑
j<l
tjtl
at = A +
n∑
u=1
tu(Ehu − Eh+1,u) ∈ θd.
(b) If co(c) = ro(a)and c− rEh+1,h is diagonal, then
{c} ∗ {a} =
∑
t:
∑n
u=1 tu=r
vβ
′(t)tα
′(t)
n∏
u=1
(
ah+1,u + tu
tu
)
v
{a(h, t)}, where(17)
α′(t) =
∑
j≤l
ah+1,jtl +
∑
j<l
ahjtl −
∑
j<l
tjtl,
β ′(t) =
∑
j≤l
ah+1,jtl −
∑
j<l
ahjtl +
∑
j<l
tjtl,
a(h, t) = A−
n∑
u=1
tu(Ehu −Eh+1,u) ∈ θd.
Proof. In order to give the proof of (a), We only need to proof the formula a(t). By the
direct computation.
d(b)− r(b) =
∑
j,u
ah,jtu,
d(a)− r(a) =
∑
i≥k,j<l
aijakl,
d(at)− r(at) =
∑
i≥k,j<l
aijakl +
∑
j<u
ahjtu −
∑
l>u
ah+1,ltu +
∑
u<u′
tutu′ .
Then,
α(t) = d(b)− r(b) + d(a)− r(a)− (d(at)− r(at)) =
∑
j≥l
ahjtl +
∑
j>l
ah+1,jtl −
∑
j<l
tjtl.
Similarly, we can obtain the proposition of (b). 
4.3. S-action on V. A degenerate version of Proposition4.2.2 gives us an explicit description
of the S-action on V = AG(X × Y ) as follows. For any rj ∈ [1, n], we denote rˇj = rj + 1
and rˆj = rj − 1.
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Corollary 4.3.1. For any 1 ≤ i ≤ n− 1, 1 ≤ a ≤ n− 1, we have
Ei ∗ {er1···rd} = v
∑
j>p δi,rj−δi+1,rj t1+
∑
j>p δi,rj+δi+1,rj {er1··· ,rˆp···rd},
Fi ∗ {er1···rd} =
∑
1≤p≤d:rp=i
v
∑
j<p δi+1,rj−δi,rj t
∑
j<p δi,rj+δi+1,rj {er1··· ,rˇp···rd},
A±1a ∗ {er1···rd} = v±
∑
1≤j≤d δa,rj t±
∑
1≤j≤d δa,rj {er1···rd} and
B±1a ∗ {er1···rd} = v∓
∑
1≤j≤d δa,rj t±
∑
1≤j≤d δa,rj {er1···rd} and
Proof. The first two identities follow directly from Proposition 4.2.2. The last two identities
are straightforward. 
4.4. HY -action on V.
Definition 4.4.1. The two parameter Iwahori-Hecke algebra Hd(v, t) of type Ad is a unital
associative algebra over Q(v, t) generated by Ti for i ∈ [1, d− 1] and subject to the following
relations.
T 2i = (vt− v−1t)Ti + t2, 1 ≤ i ≤ d− 1,
TjTj+1Tj = Tj+1TjTj+1, 1 ≤ j ≤ d− 2,
TiTj = TjTi, |i− j| > 1.
We shall provide an explicit description of the action of HY on V. For any 1 ≤ j ≤ d− 1,
we define a function Tj in HY by
Tj(F, F
′) =
{
v−1t, if Fi = F
′
i ∀i ∈ [1, d]\{j}, Fj 6= F ′j ;
0, otherwise.
Lemma 4.4.2. The assignment of sending the functions Tj, for 1 ≤ j ≤ d−1, in the algebra
HY to the generators of Hd in the same notations is an isomorphism.
Given B = (bij) ∈ Π, let rc be the unique number in [1, n] such that brc,c = 1 for each
c ∈ [1, d]. The correspondence B 7→ r˜ = (r1, · · · , rd) defines a bijection between Π and the
set of all sequences (r1, · · · , rd) . Denote by er1...rd the characteristic function of the G-orbit
corresponding to the matrix B in V. It is clear that the collection of these characteristic
functions provides a basis for V.
Lemma 4.4.3. The action of HY on V is described as follows. For 1 ≤ j ≤ d− 1, we have
{er1...rd}Tj =

{er1...rj−1rj+1rj ...rd}, rj < rj+1;
vt{er1...rd}, rj = rj+1;
(vt− v−1t){er1...rd}+ t2{er1...rj−1rj+1rj ...rd}, rj > rj+1.
(18)
Proof. Formula (18) similar with the one in [GL92, 1. 12], whose proof is also almost the
same as one parameter of type-A case.

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4.5. Generators of S. Define a partial order “ ≤ ” on Θd by a ≤ b if Oa ⊂ Ob. For any
a = (aij) and b = (bij) in Ξd, we say that a  b if and only if the following two conditions
hold. ∑
r≤i,s≥j
ars ≤
∑
r≤i,s≥j
brs, ∀i < j.(19) ∑
r≥i,s≤j
ars ≤
∑
r≥i,s≤j
brs, ∀i > j.(20)
The relation “  ” defines a second partial order on Θd. We say that a ≺ b if a  b and
at least one of the inequalities in (19) is strict. We shall denote by “{m}+ lower terms”
an element in S which is equal to {m} plus a linear combination of {m′} with m′ ≺ m. By
Proposition (4.2.2), we have
Corollary 4.5.1. Assume that 1 ≤ h < n, 1 ≤ h ≤ n, M = (mi,j) ∈ θd.
(a) Assume that mh,j = 0, ∀j > k,mh+1,j = 0, ∀j ≥ k. Let r = mh,k, a = (aij) ∈ Ξd
satisfies the following two conditions: ah,k = 0, ah+1,k = r, , ai,j = mi,jfor all other i, j. If b
is subject to b− rEh,h+1 is diagonal, co(b) = ro(a), then
{b} ∗ {a} = {M}+ lower terms.
(b) Assume that mh,j = 0, ∀j ≤ k,mh+1,j = 0, ∀j < k. Let r = mh+1,k, a = (aij) ∈ θd
satisfies the following two conditions: ah,k = r, ah+1,k = 0, , ai,j = mi,jfor all other i, j. If c
is subject to c− rEh,h+1 is diagonal, co(c) = ro(a), then
{c} ∗ {a} = {M}+ lower terms.
Proof. In case (a), from the proof of the [BLM90, 3. 8], we have that {M} is correspondence
to t = (0, · · ·0, , R, 0, · · · , 0) , where R is in the k place. Therefore, α(t) = ∑j≥k ah,jtk +∑
j>k ah+1,ktk −
∑
j<l tjtl = 0. Then (a) follows.
In case (b), we have we have that {M} is correspondence to t = (0, · · · 0, , R, 0, · · · , 0),
where R is in the k place. Therefore, α′(t) =
∑
j≤l ah+1,jtl +
∑
j<l ahjtl−
∑
j<l tjtl = 0.Then
(b) follows. 
Theorem 4.5.2. For any a = (aij) ∈ Θd. The following identity holds in S∏
1≤i≤h<j≤n
{Di,h,j + ai,jEh,h+1} ∗
∏
1≤j≤h<i≤n
{Di,h,j + ai,jEh+1,h} = {a}+ lower terms,
where the product is taken in the following order. The factors in the first product are taken
in the following order: (i, h, j) comes before (i′, h′, j′) if either j > j′ or j = j′, h − i <
h′ − i′, or j = j′, h − i = h′ − i′, i′ > i. The factors in the second product are taken in the
following order: (i, h, j) comes before (i′, h′, j′) if either i < i′ or i = i′, h − j > h′ − j′, or
i = i′, h− j = h′ − j′, j′ < j. The matrices Di,h,j are diagonal with entries in N. Which are
uniquely determined.
Proof. The proof of this theorem is similar to the [BLM90, 3. 9]. 
We have immediately
Corollary 4.5.3. The products ma =
∏
1≤i≤h<j≤n{Di,h,j + ai,jEh,h+1} ∗
∏
1≤j≤h<i≤n{Di,h,j +
ai,jEh+1,h} for any a ∈ Θd in Theorem 4.5.2 form a basis for S.
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By (16), (17) and Corollary 4.5.3, we have
Corollary 4.5.4. The algebra S (resp. Q(v) ⊗A S) is generated by the elements [e] such
that e−REi,i+1 (resp. either e or e−REi,i+1) is diagonal for some R ∈ N and i ∈ [1, n− 1].
Observe that Ei =
∑
t{b}, Fi =
∑{c}, A±1a =∑ v±dat±da{d}, B±1a =∑ v∓dat±da{d}, ∀i ∈
[1, n−1], a ∈ [1, n], where b, c and d run over all matrices in Θd such that b−Ei,i+1, c−Ei+1,i
and d are diagonal, respectively, and da is the (a, a)-entry of the matrix in d. We have the
following corollary by Corollary 4.5.4.
Corollary 4.5.5. The algebra Q(v, t)⊗A S is generated by the functions Ei, Fi, A±1a , B±1a
for any i ∈ [1, n− 1], a ∈ [1, n] .
5. The limit algebra K
5.1. Stabilization. Let I be the identity matrix. We set pA = A + pI. Let Θ˜ be the set of
all n× n matices with integer entries such that the entries off diagonal are ≥ 0.
Let
K = spanA{{a}|a ∈ Θ˜},
where the notation {a} is a formal symbol. Let v′, t′ be a independent indeterminates, and
we denote by R the ring Q(v, t)[v′, t′] .
Proposition 5.1.1. Suppose that a1, a2, · · · , ar (r ≥ 2) are matrices in Θ˜ such that co(ai) =
ro(ai+1) for 1 ≤ i ≤ r − 1. There exist z1, · · · , zm ∈ Θ˜, Gj(v, v′, t, t′) ∈ R and p0 ∈ N such
that in Sd for some d, we have
[pa1] ∗ [pa2] ∗ · · · ∗ [par] =
m∑
j=1
Gj(v, v
−p, t, tp)[pzj], ∀p ≥ p0.
Proof. The proof is essentially the same as the one for Proposition 4. 2 in [BLM90] by using
Corollary 4.2.2 and Theorem 4.5.2. The main difference is that we should give how the twists
α(t) and α′(t) change when a is replaced by pa.
If r = 2 and a1 is chosen such that a1 − REh,h+1 is a diagonal with R ∈ N, the structure
constant Gt(v, v
′, t, t′) is defined by
Gt(v, v
′, t, t′) = vβ(t)
∏
1≤u≤n
u 6=n
(
ah,u + tu
tu
)
v
∏
1≤i≤th
v−2(ah,h+th−i)v′2 − 1
v−2i − 1 t
α(t)t′2
∑
h≥u tu .
Similaryly, if r = 2 and a1 is chosen such that a1 − REh+1,h is diagonal with R ∈ N, the
structure constant Gt(v, v
′, t, t′) is defined by
Gt(v, v
′, t, t′) = vβ
′(t)
∏
1≤u≤n,u 6=h+1
(
ah+1,u + tu
tu
)
v
∏
1≤t≤th+1
v−2(ah+1,h+1+th+1−i+1)v′2
v−2i − 1 t
α(t)t′
∑
h<utu ,
Keep in mind the above modifications, the rest of the proof for Proposition 4. 2 in [BLM90]
can be repeated here. 
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By specialization v′, t′ at v′ = 1, t′ = 1, there is a unique associative A-algebra structure
on K, without unit, where the product is given by
{a1} · {a2} · · · · · {ar} =
m∑
j=1
Gj(v, 1, t, 1)[zj]
if a1, · · · , ar are as in Proposition 5.1.1.
Let a and b ∈ Θ˜ be chosen such that b − rEh,h+1 is diagonal for some 1 ≤ h < n, r ∈ N
satisfying co(b) = ro(a) . Then we have
(21) {b} · {a} =
∑
t
vβ(t)tα(t)
N∏
u=1
(
ahu + tu
tu
)
v
{at},
where the sum is taken over all t = (tu) ∈ NN such that
∑n
u=1 tu = r and tu ≤ ah+1,u for all
u 6= h+ 1, α(t), β(t), at ∈ Θ˜ are defined in (16).
Similarly, if a, c ∈ Θ˜ are chosen such that c−rEh+1,h is diagonal for some 1 ≤ h < n, r ∈ N
satisfying co(c) = ro(a) , then we have
{c} · {a} =
∑
t
vβ
′(t)tα
′(t)
N∏
u=1
(
ah+1,u + tu
tu
)
v
{a(h, t)},(22)
where the sum is taken over all t = (tu) ∈ NN such that
∑n
u=1 tu = r andtu ≤ ah,u for
allu 6= h. , α′(t), β ′(t), a(h, t) ∈ Θ˜ are defined in (17).
5.2. The algebra U . In this section, we shall define a new algebra U in the completion of
K similar to [BLM90, Section 5].
Let Kˆ be the Q(v, t)-vector space of all formal sum ∑a∈Θ˜ ξa{a} with ξa ∈ Q(v, t) and
a locally finite property, i. e. , for any t ∈ Zn, the sets {a ∈ Θ˜|ro(a) = t, ξa 6= 0} and
{a ∈ Θ˜|co(a) = t, ξa 6= 0} are finite. The space Kˆ becomes an associative algebra over
Q(v, t) when equipped with the following multiplication:∑
a∈Ξ˜D
ξa{a} ·
∑
b∈Ξ˜D
ξb{b} =
∑
a,b
ξaξb{a} · {b},
where the product {a} · {b} is taken in K.
Observe that the algebra Kˆ has a unit element ∑{d}, the summation of all diagonal
matrices.
We define the following elements in Kˆ. For any nonzero matrix a ∈ Θ˜, let aˆ be the matrix
obtained by replacing diagonal entries of a by zeroes. We set
Θ0 = {aˆ|a ∈ Θ˜}.
For any aˆ in Θ0 and j = (j1, · · · , jn) ∈ Zn, we define
(23) aˆ(j) =
∑
λ
vλ1j1+···+λnjntλ1|j1|+···+λn|jn|{aˆ+Dλ}
where the sum runs through all λ = (λi) ∈ Zn such that aˆ + Dλ ∈ Θ˜, where Dλ is the
diagonal matrices with diagonal entries(λi).
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For i ∈ [1, n− 1], let
Ei = Ei,i+1(0) and Fi = Ei+1,i(0).
Let U be the subalgebra of Kˆ generated by Ei, Fi, 0(j) for all i ∈ [1, n− 1] and j ∈ Zn.
Proposition 5.2.1. The following relations hold in U .
0(j)0(j′) = 0(j′)0(j),(24)
0(j)Eh = v
jh−jh+1t|jh|−|jh+1|Eh0(j), 0(j)Fh = v
−jh+jh+1t−|jh|+|jh+1|Fh0(j),(25)
t(EhFh − FhEh) = (v − v−1)−1(0(h− h+ 1)− 0(h+ 1− h)),(26)
E2i Ei+1 − (vt+ v−1t)EiEi+1Ei + t2Ei+1E2i = 0,(27)
t2E2i+1Ei − (vt+ v−1t)Ei+1EiEi+1 + EiE2i+1 = 0,(28)
F 2i Fi+1 − (vt−1 + v−1t−1)FiFi+1Fi + t−2Fi+1F 2i = 0,(29)
t−2F 2i+1Fi − (vt−1 + v−1t−1)Fi+1FiFi+1 + FiF 2i+1 = 0.(30)
where j, j′ ∈ Zn, h, i, j ∈ [1, n] and i ∈ NN is the vector whose i-th entry is 1 and 0 elsewhere.
Proof. We show (25).
0(j)Eh =
∑
λ v
∑
λkjkt
∑
λk|jk|{Dλ}
∑
λ′{Eh,h+1 +Dλ′}
=
∑
λ′ v
∑
λ′
k
jk+jht
∑
λ′
k
|jk|+|jh|{Eh,h+1 +Dλ′},
where the sums run through in an obvious range by the definition in (23).
Eh0(j) =
∑
λ,λ′ v
∑
λkjkt
∑
λk |jk|{Eh,h+1 +Dλ′}{Dλ}
=
∑
λ′
v
∑
λ′
k
jk+jh+1t
∑
λ′
k
|jk|+|jh+1|{Eh,h+1 +Dλ′}.
So we have the first identity in (25). All other identities in (24) and (25) can be shown
similarly.
We show (26). we have
EhFh =
∑
λ,λ′{Eh,h+1 +Dλ}{Eh+1,h +Dλ′}
=
∑
λ{Eh,h+1 +Dλ}{Eh+1,h +Dλ}
=
∑
λ(v
λh−λh+1tλh+λh+1
(
λh + 1
1
)
v
{Dλ + Eh,h}
+ {Eh+1,h + Eh,h+1 +Dλ − Eh+1,h+1}).
Similarly,
FhEh =
∑
λ{Eh+1,h +Dλ}{Eh,h+1 +Dλ}
=
∑
λ(v
λh+1−λhtλh+λh+1
(
λh+1 + 1
1
)
v
{Dλ + Eh+1,h+1}
+ {Eh+1,h + Eh,h+1 +Dλ − Eh,h}).
Therefore,
t(EhFh − FhEh) =
∑
λ
vλh−λh+1tλh+λh+1−vλh+1−λh tλh+λh+1
v−v−1
{Dλ}
= (v − v−1)−1(0(h− h + 1)− 0(h+ 1− h)).
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At last, We show (27).
E2hEh+1 =
∑
λ vt(v
−2 + 1){Dλ + Eh,h+1 + Eh,h+2}
+
∑
λ
v−1t3(v−2 + 1){Dλ + Eh+1,h+2 + 2Eh,h+1};
EhEh+1Eh =
∑
λ t
2(v−2 + 1){Dλ + 2Eh,h+1 + Eh,h+2}
+
∑
λ
{Dλ + Eh,h+1 + Eh,h+2};
Eh+1E
2
h =
∑
λ vt(v
−2 + 1){Dλ + 2Eh,h+1 + Eh+1,h+2}.
Then the first identity of 27 follows. all other identities can be shown similarly.

The Corollary directly follows.
Corollary 5.2.2. The assignment Ei 7→ tEi, Fi 7→ Fi, Aa 7→ 0(a) and Ba 7→ 0(−a), for any
i ∈ [1, n− 1], a ∈ [1, n] , defines a algebra isomorphism Υ : Uv,t(gln)→ U .
6. Schur dualities for two parameter case of type Ad
In this section, we shall formulate algebraically the dualities between algebras Uv,t(gln)
and the two parameter Iwahori-Hecke algebras Hd(v, t)of type Ad.
Let V be a vector space over Q(v, t) of dimension n. We fix a basis (vi)1≤i≤n for V.
Let V⊗d be the d-th tensor space of V. Thus we have a basis (vr1 ⊗ · · · ⊗ vrd), where
r1, · · · , rd ∈ [1, n], for the tensor space V⊗d.
For a sequence r = (r1, · · · , rd), we write vr for vr1 ⊗ · · · ⊗ vrd.
For a sequence r and a fixed integer p ∈ [1, d], we define the sequence r′p and r′′p by
(r′p)j =
{
rj, j 6= p,
rp − 1, j = p
and (r′′p)j =
{
rj, j 6= p,
rp + 1, j = p,
Lemma 6.0.3. There has a left Uv,t(gln)-action on V
⊗d defined by, for any i ∈ [1, n − 1],
a ∈ [1, n],
Ei · vr =
∑
1≤p≤d:rp=i+1
v
∑
j>p δi,rj−δi+1,rj t1+
∑
j>p δi,rj+δi+1,rjvr′p ,
Fi · vr =
∑
1≤p≤d:rp=i
v
∑
j<p δi+1,rj−δi,rj t
∑
j<p δi,rj+δi+1,rjvr′′p ,
A±1a · vr = v±
∑
1≤j≤d δa,rj t±
∑
1≤j≤d δa,rjvr,
B±1a · vr = v∓
∑
1≤j≤d δa,rj t±
∑
1≤j≤d δa,rjvr.
The lemma follows Proposition 4.1.1, and Corollary 4.3.1.
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Lemma 6.0.4. There has a right Hd-action on V
⊗d given by, for 1 ≤ j ≤ d− 1,
vr1...rdTj =

vr1...rj−1rj+1rj ...rd, rj < rj+1;
vtvr1...rd, rj = rj+1;
(vt− v−1t)vr1...rd + t2vr1...rj−1rj+1rj ...rd , rj > rj+1.
(31)
This lemma follows Lemmas 4.4.2 and 4.4.3.
We now can state the duality.
Proposition 6.0.5. The left Uv,t(gln)-action in Lemma 6.0.3 and the right Hd-action in
Lemma 4.4.3 on V⊗d are commuting. They form a double centralizer for n ≥ d, i. e. ,
Hd ≃ EndU(V⊗d) and Uv,t(gln)→ EndHd(V⊗d) is surjective.
The proposition follows from the previous two lemmas, Lemma 3.1.1, Proposition 4.1.1
and Corollary 4.5.5.
6.1. Galois descend approach. Let G = Gal(Q(v, t)/Q(r, s)), r = vt, s = v−1t. It is
easy to know G ∼= S2 which is generated by σ. G act on Uv,t(gln) given by a Q algebra
homomorphism σ : Uv,t(gln) → Uv,t(gln); Ei 7→ −Ei, Fi 7→ Fi, Ki 7→ Ki, K ′i 7→ K ′i, v 7→
−v, t 7→ −t. G can be also act on V ⊗k which is given by σ : V ⊗k → V ⊗k; vi1 ⊗ · · · ⊗ vik 7→
vi1 ⊗ · · · ⊗ vik , v 7→ −v, t 7→ −t. By the directly compute. we have the following lemma.
Lemma 6.1.1. The G-actions on(Uv,t(gln), V
⊗k) is compatible. That is σ(av) = σ(a)σ(v),
∀a ∈ Uv,t(gln), v ∈ V .
Proof. We only need to check the identities σ(av) = σ(a)σ(v) on the generators. By the
lemma 6.0.3. The result is obvious. 
Though the above lemma we know there is a G-action on Hk(v, t) which is given by
σ : Hk(v, t) 7→ Hk(v, t);Ti 7→ Ti, v 7→ −v, t 7→ −t.
Theorem 6.1.2. (Uv,t(gln)
G, V ⊗k
G
, Hk(v, t)
G) is a shur-weyl tripple. and Uv,t(gln)
G ∼=
Ur,s(gln), V
⊗kG is a nk dimension vector space over Q(r, s), Hk(v, t)G ∼= Hk(r, s).
Proof. 
Remark 6.1.3. Hk(r, s) is a unital associate algebra over Q(r, s) with generators T˜i, 1 ≤
i < ksubject to the following ralations:
(1) T˜iT˜i+1T˜i = T˜i+1T˜iT˜i+1, 1 ≤ i < k.
(2) T˜iT˜j = T˜jT˜i, if|i− j| ≥ 2.
(3) (T˜i − r)(T˜i + s) = 0, ∀i.
Ur,s(gln) is a Q(r, s) algebra generated by E˜i, F˜i, K˜i, K˜ ′i.
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7. Two new quantum group ˜Uv,t(gln)m and ̂Uv,t(gln)m
In order to give the comultiplication in the two parameter case of two new quantum group
appeared in [FL14], we give two new quantum group ˜Uv,t(gln)m and ̂Uv,t(gln)m in this section.
For any i ∈ [1, n− 1], a ∈ [1, n], m ∈ [1, n− 1] , we define the function Ei, Fi, A±1a , B±1a to
be the same function in S . we further define
J+(V, V
′) =
{
1, if V = V ′and|Vm| = d mod 2;
0, otherwise.
J−(V, V
′) =
{
1, if V = V ′and|Vm| = d− 1 mod 2;
0, otherwise.
(32)
All these functions are elements in S.
Proposition 7.0.4. The functions Ei, Fi, A
±1
a , B
±1
a and J± in S, for any i ∈ [1, n − 1],
a ∈ [1, n] , satisfy the relations in 4.1.1 together with the following relations.
(R1) J+ + J− = 1, JαJβ = δα,βJα, J±Aa = AaJ±, J±Aa = AaJ±,
J±Ei = EiJ±, J±Fi = FiJ±, i 6= m; J±Em = EmJ∓, J±Fm = FmJ∓;
Corollary 7.0.5. The algebra Q(v, t)⊗A S is generated by the functions Ei, Fi, A±1a , B±1a ,
andJ± in S, for any i ∈ [1, n− 1], a ∈ [1, n].
7.1. Another limit algebra K′. We set pA = A+ 2pI. Let
K′ = spanA{{a}|a ∈ Θ˜},
where the notation {a} is a formal symbol. Let v′, t′ be a independent indeterminates, and
we denote by R the ring Q(v, t)[v′, t′] .
Proposition 7.1.1. Suppose that a1, a2, · · · , ar (r ≥ 2) are matrices in Θ˜ such that co(ai) =
ro(ai+1) for 1 ≤ i ≤ r − 1. There exist z1, · · · , zm ∈ Θ˜, G′j(v, v′, t, t′) ∈ R and p0 ∈ N such
that in Sd for some d, we have
{pa1} ∗ {pa2} ∗ · · · ∗ {par} =
m∑
j=1
G′j(v, v
−p, t, tp){pzj}, ∀p ≥ p0.
By specialization v′, t′ at v′ = 1, t′ = 1, there is a unique associative A-algebra structure
on K, without unit, where the product is given by
{a1} · {a2} · · · · · {ar} =
m∑
j=1
G′j(v, 1, t, 1)[zj]
if a1, · · · , ar are as in Proposition 7.1.1.
Let a and b ∈ Θ˜ be chosen such that b − rEm,m+1 is diagonal for some r ∈ N satisfying
co(b) = ro(a) . Then we have
(33) {b} · {a} =
∑
t
vβ(t)tα(t)
N∏
u=1
(
ahu + tu
tu
)
v
{at},
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where the sum is taken over all t = (tu) ∈ Nn such that
∑n
u=1 tu = r and tu ≤ am+1,u,
α(t), β(t), at ∈ Θ˜ are defined in (16), .
Similarly, if a, c ∈ Θ˜ are chosen such that c − rEm+2,m+1 is diagonal for some 1 ≤ h <
n, r ∈ N satisfying co(c) = ro(a) , then we have
{c} · {a} =
∑
t
vβ
′(t)tα
′(t)
N∏
u=1
(
ah+1,u + tu
tu
)
v
{a(h, t)},(34)
where the sum is taken over all t = (tu) ∈ Nn such that
∑n
u=1 tu = rand tu ≤ am+1,u,
, α′(t), β ′(t) a(h, t) ∈ Θ˜ are defined in (17).
7.2. The algebra U ′. In this section, we shall define a new algebra U in the completion of
K similar to [BLM90, Section 5].
Let Kˆ be the Q(v, t)-vector space of all formal sum ∑a∈Θ˜ ξa{a} with ξa ∈ Q(v, t) and
a locally finite property, i. e. , for any t ∈ Zn, the sets {a ∈ Θ˜|ro(a) = t, ξa 6= 0} and
{a ∈ Θ˜|co(a) = t, ξa 6= 0} are finite. The space Kˆ becomes an associative algebra over
Q(v, t) when equipped with the following multiplication:∑
a∈Θ˜
ξa{a} ·
∑
b∈Θ˜
ξb{b} =
∑
a,b
ξaξb{a} · {b},
where the product {a} · {b} is taken in K. This is shown in exactly the same as [BLM90,
Section 5].
Observe that the algebra Kˆ has a unit element ∑{d}, the summation of all diagonal
matrices.
We define the following elements in Kˆ. For any nonzero matrix a ∈ Θ˜, let aˆ be the matrix
obtained by replacing diagonal entries of a by zeroes. We set Θ0 = {aˆ|a ∈ Θ˜}.
For any aˆ in Θ0 and j = (j1, · · · , jn) ∈ Zn, we define
(35) aˆ(j) =
∑
λ
vλ1j1+···+λnjntλ1|j1|+···+λn|jn|{aˆ+Dλ}
where the sum runs through all λ = (λi) ∈ Zn such that aˆ + Dλ,∈ Θ˜, where Dλ is the
diagonal matrices with diagonal entries (λi).
And we also define
J+ =
∑
λ∈S0
{Dλ}, J− =
∑
λ∈S1
{Dλ},
Where S0 = {λ|
∑m
i=1 λi ≡
∑n
i=1 λi mod 2}, S1 = {λ|
∑m
i=1 λi ≡
∑n
i=1 λi − 1 mod 2}
For i ∈ [1, n− 1], let
Ei = Ei,i+1(0) and Fi = Ei+1,i(0).
Let U ′ be the subalgebra of Kˆ generated by Ei, Fi, 0(j) , J± for all i ∈ [1, n−1] and j ∈ Zn.
Proposition 7.2.1. The following relations hold in U ′.
J+ + J− = 1, JαJβ = δα,βJα, J±0(j) = 0(j)J±,(36)
J±Ei = EiJ±, J±Fi = FiJ±, i 6= m; J±Em = EmJ∓, J±Fm = FmJ∓;(37)
0(j)0(j′) = 0(j′)0(j),(38)
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0(j)Eh = v
jh−jh+1t|jh|−|jh+1|Eh0(j), 0(j)Fh = v
−jh+jh+1t−|jh|+|jh+1|Fh0(j),(39)
t(EhFh − FhEh) = (v − v−1)−1(0(h− h+ 1)− 0(h+ 1− h)),(40)
E2i Ei+1 − (vt+ v−1t)EiEi+1Ei + t2Ei+1E2i = 0,(41)
t2E2i+1Ei − (vt+ v−1t)Ei+1EiEi+1 + EiE2i+1 = 0,(42)
F 2i Fi+1 − (vt−1 + v−1t−1)FiFi+1Fi + t−2Fi+1F 2i = 0,(43)
t−2F 2i+1Fi − (vt−1 + v−1t−1)Fi+1FiFi+1 + FiF 2i+1 = 0.(44)
where j, j′ ∈ Zn, h, i, j ∈ [1, n] and i ∈ NN is the vector whose i-th entry is 1 and 0 elsewhere.
7.3. The algebra ˜Uv,t(gln)m.
Definition 7.3.1. ˜Uv,t(gln)m is an associative Q(v, t)-algebra with 1 generated by symbols
Ei, Fi, Aa, Ba, Jα for all i ∈ [1, n− 1], a ∈ [1, n] and α ∈ {+,−} and subject to the following
relations.
J+ + J− = 1, JαJβ = δα,βJα, J±Aa = AaJ±, J±Ba = BaJ±,(45)
J±Ei = EiJ±, J±Fi = FiJ±, i 6= m; J±Em = EmJ∓, J±Fm = FmJ∓;(46)
A±1i A
±1
j = A
±1
j A
±1
i , B
±1
i B
±1
j = B
±1
j B
±1
i ,(47)
A±1i B
±1
j = B
±1
j A
±1
i , A
±1
i A
∓1
i = 1 = B
±1
i B
∓1
i .(48)
AiEjA
−1
i = v
〈i,j〉t〈i,j〉Ej , BiEjB
−1
i = v
−〈i,j〉t〈i,j〉Ej ,(49)
AiFjA
−1
i = v
−〈i,j〉t−〈j,i〉Fj , BiFjB
−1
i = v
〈i,j〉t−〈j,i〉Fj .(50)
EiFj − FjEi = δijAiBi+1 − BiAi+1
vt− v−1t .(51)
E2i Ei+1 − (vt+ v−1t)EiEi+1Ei + t2Ei+1E2i = 0,(52)
t2E2i+1Ei − (vt+ v−1t)Ei+1EiEi+1 + EiE2i+1 = 0,(53)
F 2i Fi+1 − (vt−1 + v−1t−1)FiFi+1Fi + t−2Fi+1F 2i = 0,(54)
t−2F 2i+1Fi − (vt−1 + v−1t−1)Fi+1FiFi+1 + FiF 2i+1 = 0.(55)
Proposition 7.3.2. The assignment Ei 7→ Ei, Fi 7→ Fi, Aa 7→ 0(a) , Ba 7→ 0(−a), and
Jα 7→ Jα for any i ∈ [1, n − 1], a ∈ [1, n] , α ∈ {+,−} defines a algebra isomorphism
Υ : ˜Uv,t(gln)m → U ′ .
7.4. Defining relations of S. For any i ∈ [1, n − 1], a ∈ [1, n], m ∈ [1, n − 1] , we define
the function Ei, Fi, A
±1
a , B
±1
a to be the same function in S . we further define
J+(V, V
′) =
{
1, if Vm = Vm+1, |Vm| ≡ d mod 2;
0, otherwise.
J−(V, V
′) =
{
1, if Vm = Vm+1, |Vm| ≡ d− 1 mod 2;
0, otherwise.
J0 = 1− J+ − J−.
(56)
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Proposition 7.4.1. The functions Ei, Fi, A
±1
a , B
±1
a , andJα in S, for any i ∈ [1, n − 1],
a ∈ [1, n], α ∈ {+,−, 0} , satisfy the relations in proposition 4.1.1 and the following relations.
(57) J+ + J0 + J− = 1, JαJβ = δα,βJα, JαAa = AaJα, JαBa = AaBα;
(58) EiJ± = (1− δi,m)J±Ei, J±Ei = (1− δi,m+1)EiJ±;
(59) FiJ± = (1− δi,m+1)J±Fi, J±Fi = (1− δi,m)FiJ±;
(60) J±EmEm+1 = EmEm+1J∓;
(61) J±Fm+1Fm = Fm+1FmJ∓;
(62) J±EmFm − EmFmJ∓ = AmBm+1 − BmAm+1
v − v−1 (J± − J∓);
(63) J±Fm+1Em+1 − Fm+1Em+1J∓ = Bm+1Am+2 − Am+1Bm+2
v − v−1 (J± − J∓).
Proof. The first identity in the first three rows of the relations in the proposition are straight-
forward. Let λ′i = |V ′i /V ′i−1|. We show the identity 61, by a direct calculation. We have
Fm+1Fm(V, V
′) =
{
v−λ
′
m+2−λ
′
m+1tλ
′
m+2+λ
′
m+1, if Vm
1⊆ V ′mand Vm+1
1⊆ V ′m+1,
0, otherwise.
J+Fm+1Fm(V, V
′) =

v−λ
′
m+2−λ
′
m+1tλ
′
m+2+λ
′
m+1 , if Vm
1⊆ V ′m, Vm+1
1⊆ V ′m+1, Vm = Vm+1
and|Vm| ≡ d mod 2,
0, otherwise.
Fm+1FmJ−(V, V
′) =

v−λ
′
m+2−λ
′
m+1tλ
′
m+2+λ
′
m+1 , if Vm
1⊆ V ′m, Vm+1
1⊆ V ′m+1, Vm = Vm+1
and|Vm| ≡ d mod 2,
0, otherwise.
The first part of the identity 61 follows, all other identities in 61 and 60 can be shown
similarly.
Then, We show the identity 63. By a direct calculation, we have
Fm+1Em+1(V, V
′) =

v
2λ′m+2−1
v2−1
v−λ
′
m+2−λ
′
m+1+1tλ
′
m+2+λ
′
m+1 , if V = V ′
v−λ
′
m+2−λ
′
m+1+1tλ
′
m+2+λ
′
m+1 , if |Vm+1 ∩ V ′m+1| = |Vm+1| − 1 = |V ′m+1| − 1,
0, otherwise.
(J+Fm+1Em+1−Fm+1Em+1J−)(V, V ′) =

v
λ′m+2 t
λ′m+2−v
−λ′m+2 t
λ′m+2
v−v−1
, if V = V ′, Vm = Vm+1,
and|Vm| ≡ d mod 2,
v
−λ′m+2 t
λ′m+2−v
λ′m+2 t
λ′m+2
v−v−1
, if V = V ′, Vm = Vm+1,
and|Vm| ≡ d− 1 mod 2,
0, otherwise.
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Bm+1Am+2 −Am+1Bm+2
v − v−1 (J±−J∓)(V, V
′) =

v
λ′m+2 t
λ′m+2−v
−λ′m+2 t
λ′m+2
v−v−1
, if V = V ′, Vm = Vm+1,
and|Vm| ≡ d mod 2,
v
−λ′m+2 t
λ′m+2−v
λ′m+2 t
λ′m+2
v−v−1
, if V = V ′, Vm = Vm+1,
and|Vm| ≡ d− 1 mod 2,
0, otherwise.
The first part of the identity 63 follows, all other identities in 63 and 62 can be shown
similarly.

Corollary 7.4.2. The algebra Q(v, t)⊗A S is generated by the functions Ei, Fi, A±1a , B±1a ,
andJα in S, for any i ∈ [1, n− 1], a ∈ [1, n], α ∈ {+,−, 0}.
7.5. Limit algebra K′′. Let I ′ = I−Em+1,m+1 be the identity matrix. We set pA = A+2pI ′
Let Θ˜′ = {M |M ∈ Θ˜,Mm+1,m+1 ≥ 0} .
Let
K′′ = spanA{{a}|a ∈ Θ˜′},
where the notation {a} is a formal symbol bearing no geometric meaning. Let v′, t′ be a
independent indeterminates, and we denote by R the ring Q(v, t)[v′, t′] .
Proposition 7.5.1. Suppose that a1, a2, · · · , ar (r ≥ 2) are matrices in Θ˜′ such that co(ai) =
ro(ai+1) for 1 ≤ i ≤ r − 1. There exist z1, · · · , zm ∈ Θ˜′, G′j(v, v′, t, t′) ∈ R and p0 ∈ N such
that in Sd for some d, we have
{pa1} ∗ {pa2} ∗ · · · ∗ {par} =
m∑
j=1
G′j(v, v
−p, t, tp){pzj}, ∀p ≥ p0.
By specialization v′, t′ at v′ = 1, t′ = 1, there is a unique associative A-algebra structure
on K, without unit, where the product is given by
{a1} · {a2} · · · · · {ar} =
m∑
j=1
G′j(v, 1, t, 1)[zj]
if a1, · · · , ar are as in Proposition 7.5.1.
Let a and b ∈ Θ˜ be chosen such that b − rEm,m+1 is diagonal for some r ∈ N satisfying
co(b) = ro(a) . Then we have
(64) {b} · {a} =
∑
t
vβ(t)tα(t)
N∏
u=1
(
ahu + tu
tu
)
v
{at},
where the sum is taken over all t = (tu) ∈ Nn such that
∑n
u=1 tu = r and tu ≤ am+1,u,
α(t), β(t), at ∈ Θ˜′are defined in (16).
Similarly, if a, c ∈ Θ˜ are chosen such that c − rEm+2,m+1 is diagonal for some 1 ≤ h <
n, r ∈ N satisfying co(c) = ro(a) , then we have
{c} · {a} =
∑
t
vβ
′(t)tα
′(t)
N∏
u=1
(
ah+1,u + tu
tu
)
v
{a(h, t)},(65)
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where the sum is taken over all t = (tu) ∈ Nn such that
∑n
u=1 tu = rand tu ≤ am+1,u,
, α′(t), β ′(t) a(h, t) ∈ Θ˜′ are defined in (17).
7.6. The algebra U ′′. In this section, we shall define a new algebra U ′′ in the completion
of K′′ similar to [BLM90, Section 5].
Let Kˆ′′ be the Q(v, t)-vector space of all formal sum ∑a∈Θ˜′ ξa{a} with ξa ∈ Q(v, t) and
a locally finite property, i. e. , for any t ∈ Zn, the sets {a ∈ Θ˜′|ro(a) = t, ξa 6= 0} and
{a ∈ Θ˜′|co(a) = t, ξa 6= 0} are finite. The space Kˆ′′ becomes an associative algebra over
Q(v, t) when equipped with the following multiplication:∑
a∈Θ˜′
ξa{a} ·
∑
b∈Θ˜′
ξb{b} =
∑
a,b
ξaξb{a} · {b},
where the product {a} · {b} is taken in K′′. This is shown in exactly the same as [BLM90,
Section 5].
Observe that the algebra Kˆ′′ has a unit element ∑{d}, the summation of all diagonal
matrices.
We define the following elements in Kˆ′′. For any nonzero matrix a ∈ Θ˜′, let aˆ be the
matrix obtained by replacing diagonal entries of a by zeroes. We set
Θ0 = {aˆ|a ∈ Θ˜′}.
For any aˆ in Θ0 and j = (j1, · · · , jn) ∈ Zn, we define
(66) aˆ(j) =
∑
λ
vλ1j1+···+λnjntλ1|j1|+···+λn|jn|{aˆ+Dλ}
where the sum runs through all λ = (λi) ∈ Zn such that aˆ + Dλ,∈ Θ˜′, where Dλ is the
diagonal matrices with diagonal entries(λi).
And we also define
(67) J+ =
∑
λ∈S0
{Dλ},
(68) J− =
∑
λ∈S1
{Dλ},
(69) J0 = 1− J+ − J−.
Where S0 = {λ|λm+1 = 0,
∑m
i=1 λi ≡
∑n
i=1 λi mod 2}, S1 = {λ|λm+1 = 0,
∑m
i=1 λi ≡∑n
i=1 λi − 1 mod 2}
For i ∈ [1, n− 1], let
Ei = Ei,i+1(0) and Fi = Ei+1,i(0).
Let U be the subalgebra of Kˆ generated by Ei, Fi, 0(j), Jα for all i ∈ [1, n− 1], j ∈ Zn and
α ∈ {+,−, 0}.
Proposition 7.6.1. The following relations hold in U ′′.
J+ + J0 + J− = 1, JαJβ = δα,βJα, JαAa = AaJα, JαBa = BaJα;(70)
EiJ± = (1− δi,m)J±Ei, J±Ei = (1− δi,m+1)EiJ±;(71)
FiJ± = (1− δi,m+1)J±Fi, J±Fi = (1− δi,m)FiJ±;(72)
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J±EmEm+1 = EmEm+1J∓;(73)
J±Fm+1Fm = Fm+1FmJ∓;(74)
J±EmFm −EmFmJ∓ = AmBm+1 −BmAm+1
v − v−1 (J± − J∓);(75)
J±Fm+1Em+1 − Fm+1Em+1J∓ = Bm+1Am+2 − Am+1Bm+2
v − v−1 (J± − J∓).(76)
0(j)0(j′) = 0(j′)0(j),(77)
0(j)Eh = v
jh−jh+1t|jh|−|jh+1|Eh0(j), 0(j)Fh = v
−jh+jh+1t−|jh|+|jh+1|Fh0(j),(78)
t(EhFh − FhEh) = (v − v−1)−1(0(h− h + 1)− 0(h+ 1− h)), h 6= m+ 1(79)
E2iEi+1 − (vt+ v−1t)EiEi+1Ei + t2Ei+1E2i = 0,(80)
t2E2i+1Ei − (vt+ v−1t)Ei+1EiEi+1 + EiE2i+1 = 0,(81)
F 2i Fi+1 − (vt−1 + v−1t−1)FiFi+1Fi + t−2Fi+1F 2i = 0,(82)
t−2F 2i+1Fi − (vt−1 + v−1t−1)Fi+1FiFi+1 + FiF 2i+1 = 0.(83)
where j, j′ ∈ Zn, h, i, j ∈ [1, n] and i ∈ Nn is the vector whose i-th entry is 1 and 0 elsewhere.
7.7. The algebra ̂Uv,t(glN)m.
Definition 7.7.1. ̂Uv,t(gln) is an associative Q(v, t)-algebra with 1 generated by symbols
Ei, Fi, , Jα, Aa, Ba for all i ∈ [1, n − 1], a ∈ [1, n] and α ∈ {+,−, 0} and subject to the
following relations.
J+ + J0 + J− = 1, JαJβ = δα,βJα, JαAa = AaJα, JαBa = BaJα;(84)
EiJ± = (1− δi,m)J±Ei, J±Ei = (1− δi,m+1)EiJ±;(85)
FiJ± = (1− δi,m+1)J±Fi, J±Fi = (1− δi,m)FiJ±;(86)
J±EmEm+1 = EmEm+1J∓;(87)
J±Fm+1Fm = Fm+1FmJ∓;(88)
J±EmFm − EmFmJ∓ = AmBm+1 − BmAm+1
v − v−1 (J± − J∓);(89)
J±Fm+1Em+1 − Fm+1Em+1J∓ = Bm+1Am+2 − Am+1Bm+2
v − v−1 (J± − J∓).(90)
A±1i A
±1
j = A
±1
j A
±1
i , B
±1
i B
±1
j = B
±1
j B
±1
i ,(91)
A±1i B
±1
j = B
±1
j A
±1
i , A
±1
i A
∓1
i = 1 = B
±1
i B
∓1
i .(92)
AiEjA
−1
i = v
〈i,j〉t〈i,j〉Ej, BiEjB
−1
i = v
−〈i,j〉t〈i,j〉Ej,(93)
AiFjA
−1
i = v
−〈i,j〉t−〈j,i〉Fj , BiFjB
−1
i = v
〈i,j〉t−〈j,i〉Fj .(94)
EiFj − FjEi = δijAiBi+1 −BiAi+1
v − v−1 .(95)
E2iEi+1 − (vt+ v−1t)EiEi+1Ei + t2Ei+1E2i = 0,(96)
t2E2i+1Ei − (vt+ v−1t)Ei+1EiEi+1 + EiE2i+1 = 0,(97)
F 2i Fi+1 − (vt−1 + v−1t−1)FiFi+1Fi + t−2Fi+1F 2i = 0,(98)
t−2F 2i+1Fi − (vt−1 + v−1t−1)Fi+1FiFi+1 + FiF 2i+1 = 0.(99)
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algebra of ĝln, Transform. Groups 5 (2000), 351–360.
[W46] H. Weyl, The classical groups; their invariants and representations. Princeton Univ. Press, Princeton,
1946.
[W93] Z. Wan, Geometry of classical groups over finite fields. Studentlitteratur, 1993.
26 HAITAO MA, ZONGZHU LIN, AND ZHU-JUN ZHENG
Acknowledgements: This work is supported by NSFC 11571119 and NSFC 11475178.
1. Department of Mathematics, South China University of Technology, Guangzhou,
China 510641
E-mail address : Zhengzj@scut.edu.cn
2. Department of Mathematics, Kansas State University, Mahattan, Kansas 66506
E-mail address : zlin@math.ksu.edu
